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vAbstract
Due to global warming, Arctic sea ice has been shrinking steadily in recent decades,
which is a concern to scientists and society. Freshwater inflow is crucial for the
formation and preservation of sea ice, therefore the understanding of its status is
helpful to assess the possible impact of sea ice decline in the Arctic sea. Due to
the continuous reduction of the gauging stations for river discharge, the scientists
began to develop other methods like using spaceborne data to replace or supple-
ment in situ measurements.
This study aims at characterizing the runoff-storage (R-S) relationships in boreal
catchments. GRACE observations of the time-dependent gravity field provide
us with the measurements for the state of total water storage on land masses,
which allow for a direct comparison of monthly runoff and water storage. In-
vestigation of the R-S relationship in boreal catchments shows a distinct periodic
behavior with a hysteresis. Motivated by the work of Riegger and Tourian (2014),
the hypothesis of a R-S relationship characterized by the superposition of linear
contributions from coupled/liquid storage and nonlinear contributions from un-
coupled storage is investigated by means of remote sensing.
MODIS snow coverage data is used to separate total water storage into liquid
part and solid part. After a least-squares linear fit, the non-linear part of the R-
S relationship can be fully assigned to the solid storage while runoff and liquid
storage can be characterized as a LTI system. This can then be used for direct
determination of river runoff from GRACE mass and vice versa.
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Introduction
1.1 Motivation
The Arctic Ocean is largely covered by seasonally varying sea ice and holds 1/5
of the Earth’s water supply and around 10% of our freshwater. It plays an impor-
tant role in the global environment. Freshwater comes to the Arctic mainly from
continental runoff, which supplies yearly around 3900 km3 discharge of freshwa-
ter between 1980 and 2000 (Haine et al., 2015). Runoff can be described as an
essential part of the water cycle that flows over land as surface water instead of
being absorbed into groundwater or evaporating. Thus, monitoring and analyz-
ing of runoff and discharge are important for discussing issues in the Arctic and
for global water security.
In hydrological research, the hydraulic response of a single storage components
(surface, soil, and unsaturated or saturated underground) with typical flow resis-
tance results in an exponential decrease in the runoff time series without input to
the stored time period. In other words, such exponential response in a hydrolog-
ical system reflects the linearity in the runoff-storage relationships (Botter et al.,
2009). Based on this response, many researchers conceptualize the contributing
flow components (surface flow, seepage flow and base flow) to a linear relation-
ship with the corresponding storages (Maidment 1992; Smith 1965). Motivated
by this, the relation between runoff and storage is investigated by researchers
with the hydrograph recession method, e.g., Zecharias and Wilfried (1988).
When comparing the measured runoff and storage on catchment scale, they al-
ways show a seasonal behavior with a distinct hysteresis between them, and
this hysteresis is severe in boreal catchments. James (2006, 2009) combines the
storage-discharge relationship with the conservation-of-mass equation to form a
nonlinear first-order dynamical system. Botter et al. (2009) incorporates nonlin-
ear storage-discharge relations in a stochastic framework to derive the statistical
distribution and the duration curve of stream flows in river basins. Riegger and
Tourian (2014) propose that R-S relationships can be characterized as a Linear
Time Invariant (LTI) System. They conduct spectral analyse over precipitation,
moisture flux divergence, mass deviation, and runoff over fully humid tropical
catchments, which support their assertion. As for boreal catchments, the non-
linear part of the R-S relationship can be fully assigned to the uncoupled/solid
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storage while the relationship of runoff and liquid storage can also be character-
ized as an LTI system.
Riegger and Tourian (2014) get to the conclusion that coupled storages like ground-
water storage or the drainage system in a natural system can be assumed to have
a linear R-S relationship, while storage changes in uncoupled components like
snow/ice, do not affect runoff immediately but show a time delay which is much
longer than the time lag of other storage components. Therefore, the quantifica-
tion of all contributing storage components, their time lags and hydraulic times
are necessary for fully understanding the Runoff-Storage relationships.
Direct measurements of water storage are conventionally point measurements
which can not cover large spatial scales area. There is a promising approach to
solve this problem. GRACE (NASA-DLR collaborative gravity recovery and cli-
mate experiment) can observe changes in the gravity field using precise mea-
surements of the distance between the two satellites recorded by an onboard
microwave tracking system. These gravity field changes are mainly caused by
ground water storage changes (Rodell and Famiglietti, 2002). Therefore, GRACE
measurements provide us with the total water storage on large spatial and monthly
timescales. However, coupled and uncoupled water storage still can not be quan-
tified only by GRACE measurement, especially in high latitude areas which are
covered by snow or ice that varies in extent and thickness seasonally. Based on
this, Rodell and Houser (2004) propose a method to quantify snow water storage
in a land surface model using snow cover observations. MODIS snow coverage
data provides the information of snow covered area, which can be used to sepa-
rate the catchment area into a liquid part and a snow/ice part.
To investigate the impact of uncoupled/solid water storage on the R-S relation-
ship, I select the rivers located in boreal zone as the research objects. In these
catchments, most of the areas are covered by snow and ice in winter and some
parts of them melt during summer. Based on the research of Riegger and Tourian
(2014), the runoff-storage relationship in boreal catchments is investigated in this
paper by comparing the measured runoff with the coupled water storage which
is determined by the combination of GRACE and MODIS measurements in these
boreal catchments. The aim of this paper is to explore if the Runoff-Storage rela-
tionship shows a linearity for the coupled water storage in boreal catchments.
1.2 Structure of the thesis
This thesis is divided into five chapters, and the remainder of the thesis is orga-
nized as follows.
Chapter 1 reviews achievements of other researchers and some fundamentals on
runoff-storage relationships. The theoretical basis of this study, applying the the-
ory of Riegger and Tourian (2014), is explained.
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The related data sources and availability are explained in Chapter 2. These data
include GRACE mass deviation data, MODIS snow coverage data and river dis-
charge data. Moreover, objective catchments in the study are presented in this
chapter.
The relationship between runoff and total water storage in boreal catchments are
presented in Chapter 3. A comparison for R-S relationships for different kinds of
catchments is made here using Amazon and Mackenzie as examples. A descrip-
tion of the annual weather condition for the Mackenzie catchment is shown for
helping to understand the counter clockwise hysteresis behavior.
Chapter 4 describes methodological approaches for separating total water stor-
age into coupled/liquid part and solid/snow part, characterization of R-S rela-
tionships by coupled/liquid storage components, and the validation method.
The results of the experiment are shown in Chapter 5 and a summary and out-
look are given in Chapter 6.
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Data source and availability
2.1 Snow coverage data
MODIS snow coverage data is generated using the MODIS calibrated radiance
data products, the geolocation products and the cloud mask products. Daily
snow coverage data is generated based on a snow mapping algorithm that em-
ploys a Normalized Difference Snow Index (NDSI). For our study, we use the
monthly snow coverage data calculated from the daily data, which are taken
from National Snow and Ice Data Center (NSIDC) (http://nsidc.org/data/
MYD10C1). This data set contains a filtered 0.05◦ (approx. 5 km) resolution Cli-
mate Modeling Grid (CMG), and each cell in the grid reports the percentage of
the snow-covered area (Hall and Riggs, 2016). The data in each cell are labeled
as snow cover percentage, night, cloud, no decision and water mask using a key
value as shown in Table 2.1:
TABLE 2.1: Key values of MODIS snow coverage data
Key value Label
1-100 Snow percentage
211 Night
250 Cloud
253 No decision
254 Water mask
255 Fill
The MODIS snow coverage data we got from NSIDC are originally in the format
of compressed Hierarchical Data Format-Earth Observing System (HDF-EOS).
For helping the users process these data, the HDF group provides examples, in
which scripts for converting input data into a MATLAB grid are provided, and
the key values are saved into a 3600×7200 matrix. According to the key values of
the cells, the global state of snow coverage can be projected on a world map. Fig-
ure 2.1 shows the average global status of snow coverage at two different epochs.
From the figure we can see, above 55◦ North latitude, most areas are covered
by snow in winter and snow happens to melt when summer comes. Moreover,
Greenland and Antarctica are entirely covered by snow throughout the year. Ar-
eas north of 66.5◦ North latitude of are affected by polar nights.
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(a) August, 2015
(b) December, 2015
FIGURE 2.1: Snow coverage states from Aqua satellite of August,
2015 (a) and December, 2015 (b).
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2.2 River discharge
In hydrology, discharge is the volumetric flow rate of water that is transported
through a given cross-sectional area (Buchanan and Somers, 1969). The catch-
ment, or drainage basin of a river above a certain location is determined by the
surface area of all land where precipitation collects and drains off into a com-
mon outlet. The river’s discharge at that location depends on the rainfall on the
catchment or drainage area and the inflow or outflow of groundwater to or from
the area, stream modifications such as dams and irrigation diversions, as well as
evapotranspiration from the area’s land and plant surfaces.
Global Runoff Data Center (GRDC), hosted by The German Federal Institute of
Hydrology (Bundesanstalt für Gewässerkunde or BfG), fosters multinational and
global long-term hydrological studies. It is a repository for the world’s river dis-
charge data and associated metadata. We took most of the river discharge data
from Global Runoff Data Center (GRDC) and some data in the HydroSat website.
Normally, there are many gauging stations measuring discharge distributed in
various part of a river. For the purpose of evaluating the discharge for a whole
basin, we use the stations near the outlet of every basin. As shown in Figure 2.2,
GRDC station 6442500 and 6842900 are separately the outlet gauging stations of
the blue river basin and green river basin. If our study objective is the whole
catchment of the river, the GRDC station 6742900 should be selected. In order to
meet the requirement for a minimum representativeness of the statistical descrip-
tion, at least 36 continuous months are required according to Riegger and Tourian
(2014).
2.3 Gravity anomalies
2.3.1 GRACE
The Gravity Recovery and Climate Experiment (GRACE) is conducted by NASA
and the German Aerospace Center (DLR) as a joint mission. The twin satellites
launched and took off into orbit in March 2002, they mapped the Earth’s gravity
field anomalies by measuring the distance between them with the help of GPS
and microwave ranging system (CSR/TSGC, 2010). The distance between the
satellites is affected by mass distribution on the Earth.
The microwave ranging system accurately measures the changes in the speed and
distance between the two identical spacecraft flying in a polar orbit about 220 km
apart, 500 km above Earth ( "GRACE Launch: Press Kit" ). As the twin GRACE
satellites can circle Earth 15 times a day, they sense minute variations in Earth’s
gravitational pull. For example, the twin satellites fly one after the other over a
region of stronger gravity. When the first satellite get close to the region, grav-
ity anomaly (caused by greater mass concentration) pulls slightly the satellite,
and causes the distance between the satellites to increase. The first satellite slows
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FIGURE 2.2: An example of outlet stations (GRDC, 2001)
down again after passing the anomaly; meanwhile the following satellite gets
accelerated, then decelerates over the same point. By measuring the constantly
changing distance between the two satellites and combining that data with pre-
cise positioning measurements from GPS instruments, Earth’s gravity anomalies
can be calculated. These gravity field changes are mainly caused by ground water
storage changes (Rodell and Famiglietti, 2002). Therefore, GRACE measurements
provide us the total water storage on large spatial and monthly timescales.
2.3.2 Equivalent water height (EWH)
Monthly data of GRACE are taken from GeoForschungsZentrum (GFZ), which
starts from January 2003. These data are then filtered using the decorrelation
filter of Swenson and Wahr (2006) in combination with a 350 km Gaussian filter.
The filtered monthly data are converted to Equivalent Water Height (EWH), ∆M
on 0.5◦ × 0.5◦ grids, which represent the vertical extent of thickness changes of
a thin water layer near the Earth’s surface, using (Wahr, Molenaar, and Bryan,
1998)
∆M (θ, λ; t) = Rρave
3ρw
∞∑
l=0
2l + 1
1 + kl
l∑
m=−l
Ylm (θ, λ)∆Klm (t) (2.1)
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where ρave is the average density of the Earth (5515 kg/m3), ρw is the average
density of water (1000 kg/m3), R is the radius of the Earth (6378.137 km), kl is the
load Love number of degree l, Ylm are normalized spherical harmonic functions
of degree l and order m, ∆Klm are normalized complex spherical harmonic coeffi-
cients after subtracting the temporal mean.
The EWH of catchment χ are generated by aggregation of cells, by area-weighted
averaging
∆M (χ; t) =
p∑
i=1
hw (θi, λi; t) AiAχ (2.2)
where χ is the catchment index, p is the number of pixels located on the catch-
ment, Ai is the area of the cell i, Aχ is the total area of the catchment.
The GRACE processing removed influence of short term mass change of atmo-
sphere and ocean, ocean and earth tides, and aliasing signals. Monthly GRACE
signals are in fact the monthly mass signal deviations from the long-term aver-
age, thus the GRACE signals are called mass deviations ∆M . This means that the
state in water storage can be only considered as a deviation from the long-term
mean rather than the absolute value.
2.4 Rivers under investigation
In this study, we mainly analyze the runoff-storage relationships in boreal catch-
ment, so we need an index of these catchments which contains detail information
such as the names, locations, areas and so on.
The Major River Basins of the World, an ongoing GIS project of GRDC, aiming at
the provision of a set of shape files for the use with Geographic Information Sys-
tems (GIS), provides information on 405 river basins and 687 associated rivers at
present. However the gauging periods of river discharge are various by different
catchments, in order to match the measuring period with gravity anomalies data
and snow coverage data, we select 52 catchments among 92 boreal catchments in
this study which are located at least partially above the 55◦ latitude. We get the in-
formation of polygons of 52 river basins from the river mouths at the erosion base
level (GRDC, 2007), as well as raster area, the approximate center coordinates of
these chosen catchments from Major River Basins of the World project. The 52
boreal catchments are shown in the global aspect and polar aspect in Figure 2.3.
To obtain an impression of the positions and areas of the selected catchments, the
raster area as well as the approximate center’s latitude and longitude of each of
them are listed in Table. The ID in the table 2.2 corresponds to the map.
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FIGURE 2.3: Map showing the catchments selected in the world
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TABLE 2.2: The selected boreal catchments
ID Name DB ID Area [km2] Latitude Longitude
1 ANABAR 246 79785.74 70.25 112.88
2 ANDERSON RIVER 26 62004.97 67.75 -126.40
3 ANGERMAN 346 33376.31 64.25 15.76
4 AUX MELEZES 380 38910.51 56.75 -70.94
5 BOL.ANYUY 42 50025.38 66.75 163.93
6 CANIAPISCAU 378 102920.6 55 -68.17
7 CHURCHILL RIVER 375 299391 56 -102.98
8 COPPER RIVER 359 67343.5 62 -143.54
9 DRAMSELV 367 18077.05 60.75 8.89
10 ELLICE RIVER 200 11129.72 66.5 -104.04
11 FRASER RIVER 391 228873.8 52.5 -122.36
12 HAYES RIVER 388 97802.23 54.75 -92.93
13 IIJOKI 312 17921.16 65.5 27.44
14 KALIXAELVEN 171 17954.61 67 20.73
15 KAZAN RIVER 345 40945.18 62.75 -98.56
16 KEMIJOKI 100 53762.84 67.25 26.09
17 KOBUK RIVER 223 22836 67.25 -155.19
18 KOKEMAENJOKI 362 24989.72 61.75 23.84
19 KOLYMA 40 421801.6 64.75 150.17
20 KUSKOKWIM RIVER 352 82074.01 62.5 -150.48
21 KYMIJOKI 356 33194.82 62 26.03
22 LENA 372 2417932 61.5 119.95
23 MACKENZIE RIVER 112 1666073 60 -118.85
24 MEZEN 310 54124.86 64 47.82
25 MUONIO 64 12649.26 68 22.67
26 NASS RIVER 385 18889.72 56 -128.41
27 NELSON RIVER 387 1126480 51.25 -101.99
28 NEMAN 390 89805.52 54.25 24.77
29 NEVA 357 225650.9 59.5 31.98
30 NORTHERN DVINA 348 330708.7 61.5 47.31
31 OB 183 2926321 57.25 75.03
32 OELFUSA 349 6665.8 64.5 -20.02
33 OLENEK 125 199723 69 115.67
34 OULUJOKI 342 26516.87 64.75 28.15
35 PECHORA 148 304670 65 56.59
36 PEEL RIVER 113 63039.93 65.5 -135.04
37 SPEY 382 3344.43 57.25 -3.71
38 STIKINE RIVER 374 52893.99 57.75 -129.49
39 SUSITNA RIVER 355 47182.84 62.5 -149.41
40 TAKU RIVER 371 17615.79 58.75 -131.70
41 THELON RIVER 344 171346.1 62.75 -97.54
42 THJORSA 347 6665.8 64.5 -18.79
43 THLEWIAZA RIVER 364 53704.53 60.5 -98.86
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ID Name DB ID Area [km2] Latitude Longitude
44 TULOMA 53 19346.23 68.5 29.84
45 TWEED 395 3479.29 55.75 -2.67
46 VARZUGA 269 6026.49 67 35.31
47 VOLGA 366 1345070 55.25 47.20
48 VUOKSI 353 66393.31 62.75 28.70
49 WESTERN DVINA 379 61575.95 55.5 29.82
50 YANA 311 220949 67.75 133.96
51 YENISEI 350 2454961 58 99.02
52 YUKON RIVER 78 819634.6 64 -143.86
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R-S relationships in boreal
catchments
In this chapter, firstly a description about how the water cycle works is shown in
section 3.1. Then, an analysis and direct comparison of runoff and total storage
for boreal catchment based on the principle of water cycle is shown in section 3.2.
3.1 Hydrological cycle
Precipitation, evaporation, snow or ice aggregation, melting and sublimation are
all parts of the hydrological cycle which is a endless global process of water cir-
culation from clouds to land, to the ocean, and back to the clouds (NASA Earth
Science: Water Cycle, 2014).
Water evaporates as vapor into the air due to the sun’s heat and plant transpi-
ration; a relatively smaller amount of ice and snow sublimate directly from the
solid state into vapor. With the rising and aggregation of vapor, it condenses into
clouds when the temperature becomes low enough, and precipitates onto land.
Some precipitation falls as snow. Most precipitation falls back into the oceans,
some onto land which then is turned into runoff. A portion of runoff enters rivers
in valleys in the landscape, as streamflow moving towards the oceans, while
much of runoff recharges groundwater by infiltration. Most of the groundwa-
ter is absorbed by plant roots and as evapotranspiration from the leaves. Other
groundwater may find openings in the land surface, and emerge as freshwater
springs. These freshwater springs will flow into oceans and lakes, and subse-
quently, evaporation happens again. (Figure 3.1)
3.2 R-S relationship for total storage
Monthly runoff values used in this thesis are transformed from river discharge
measured by outlet gauging stations of boreal catchments. Discharge is given
in units of volume and runoff is referred to in units of volume per time. in
other words, The height of discharge in units of mm/month is called runoff. The
dataset also provides the area of the catchments in units of km2, which is required
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FIGURE 3.1: The Water Cycle: Graphic showing the movement of
water through the water cycle. Source: USGS (2016)
in the conversion from discharge to runoff. As the heights are relatively small in
units m, besides, in order to match its unit to the storage data, the units of heights
are converted into mm. The conversion from discharge to runoff is made as fol-
lows:
R =
Q
A
(3.1)
with R being the monthly runoff, i.e., the height of discharge, Q being the river
discharge and A being the area of a catchment.
Water storage change is the main part of the mass variations on landmasses, so
the monthly deviations ∆M measured by GRACE can be considered as the water
storage deviation of from the long-term average. Other factors contributing to
mass variations on landmasses, like mantle convection, are in a very low velocity
and a long cycle, which can be ignored on monthly time scales.
In this study, in order to present the detailed R-S relationship for boreal catch-
ments, a typical boreal catchment called Mackenzie river which lies in the north-
ern part of Canada and has a large area (1 666 073 km2) is selected as an example
to do the analysis (Figure 3.2). Moreover, for the purpose of comparison of R-
S relationships between boreal catchments and fully humid tropical catchments,
Amazon river is selected as a comparison object.
Directly plotting runoff and mass deviation, there seem to be no distinct regular
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FIGURE 3.2: Mackenzie catchment. Source: HydroSat (2017)
pattern, as we can see in the scatter plots of Figure 3.3.
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FIGURE 3.3: Direct plot of R-S relationships of Amazon (left) and
Mackenzie (right)
But if we display them as a sequence for several years, it shows a distinct peri-
odic behavior with a hysteresis. E.g., Figure 3.4 shows the R-S relationships for
Amazon and Mackenzie catchment. The degrees of hysteresis seem various in
different kinds of catchments. For fully humid tropical catchments e.g., Ama-
zon, it shows a highly correlated R-S relationship. For boreal catchments, e.g.,
Mackenzie, it shows a more complex relationship between runoff and storage.
A direct comparison of runoff and total water storage as measured by GRACE
cannot provide a suitable description of the hydrological and hydraulic system
behavior through a monotonic function. Thus we cannot directly determine runoff
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FIGURE 3.4: R-S relationships of Amazon (left) and Mackenzie
(right)
from storage and vice versa.
The different forms and degrees of hysteresis seen in the different R-S relation-
ships are believed to be caused by the superposition of the contributions of dif-
ferent coupled and uncoupled storage components and their responses. The re-
lated processes include rapid conversion through storage (canopy, surface, soil,
unsaturated/saturated zones, groundwater systems and surface water systems)
and processes, and long term conversion such as snow aggregation and melting.
When plotting the time series of runoff and mass deviation, a time shift from
storage to runoff, i.e., a temporal delay which leads to a counter clockwise hys-
teresis exists (Figure 3.4). For a fully humid tropical catchments like Amazon,
the hysteresis is very small. The extremes of runoff and water storage seem to be
reached at the same time. The time delay is very large for a boreal catchments like
Mackenzie. According to the related climate conditions (Figure 3.6) from Riegger
and Tourian (2014) we can find out that the time delay is due to seasonal snow
aggregation and melting processes.
The increase of storage occurs mainly in the period of negative temperatures, i.e.,
T < 0. In this time, snow aggregates and the recharge reaches a high level over the
year with low evaporation. Recharge is in the form of snow due to the negative
temperature. The total storage will reach the highest level in April. Meanwhile,
the runoff reaches its lowest level and is nearly constant (the lower branch in Fig-
ure 3.4).
At the beginning of the melt season (T > 0), snow starts to melt. The accumu-
lated snow and ice is converted into liquid water storage and turns into runoff
with the time lag needed for melting and hydraulic coupling to discharge sys-
tems. The right branch of the Figure 3.4 (right) shows this process. The parallel
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FIGURE 3.5: Monthly runoff and mass deviation time series for
Amazon(top) and Mackenzie(below)
lines of the melting period show the different snow accumulation situation and
annual climate condition. In snow melt period, the main factor impacting the
storage is the emptying of the liquid storage, while the recharge (P − ETa) is close
to zero. From May to September, the recharge is far less than runoff all along, and
the storage shows a steep downward trend (Figure 3.4 top branch). The lowest
level of storage is reached in September. From this time the evaporation decreases
and the precipitation starts to exceed runoff, and the storage starts to increase.
FIGURE 3.6: Time series of mean monthly signals for Mackenzie
As we can see in the Figure 3.4, on one hand, only the upper left branch shows a
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linear relationship between runoff and storage. That is corresponding to the pe-
riod in which the snow melting has been finished and storage is fully converted to
liquid. On the other hand, in the snow melt period of, the main component of to-
tal storage is the uncoupled snow storage, which is expressed by the lower branch
of the Figure 3.4 (right). In this time, the runoff close to a constant, while the stor-
age has been increased all along. In summary, the uncoupled snow storage leads
to the hysteresis and the nonlinear relationship mentioned above. We assume
that, if the liquid part of water storage is separated from total water storage, the
R-S relationship between runoff and liquid water storage for boreal catchments
is similar to R-S relationships for fully humid tropical catchments, of which the
time lag is very small and a highly correlated R-S relationship exists. The R-S re-
lationship for boreal catchments we selected are shown in the figure 3.7. The R-S
relationship for most of the boreal catchments show counter-clockwise hystere-
sis. For some catchments like Kymijoki and tweed, etc., there is no regular pattern
and it is believed to be caused by noise and low accuracy of measurements.
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FIGURE 3.7: R-S relationships for several years for boreal catch-
ments
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Chapter 4
Methodology
In this chapter, we describe an approach for the separation of solid and liquid
water storage with the help of MODIS data in section 4.1. A data based ap-
proach used for characterization of R-S relationships by coupled/liquid and un-
coupled/solid storage components will be shown in section 4.2. Section 4.3 intro-
duces a Gauss-Helmert Model (GHM) which is the estimation method applied in
this thesis. Indicators to evaluate the estimation results are introduced in section
4.4.
4.1 Separation of solid and fluid water storage
4.1.1 Solid approach
MODIS snow coverage data can provide a means of quantitative separation of
solid and liquid water storage, although it only provides information on snow
cover areas and does not provide information comparable to the local snow wa-
ter. From the MODIS data, we can find that snow melting mainly happens at the
borders of the snow covered areas.
An approach proposed by Riegger and Tourian (2014) can be used for quantifica-
tion of the solid and liquid storage with the help of snow coverage ratio, which
separates an area into two forms, one is totally covered by snow and ice and
underneath the snow covered area is still frozen, the other is totally liquid wa-
ter storage. This is an assumption, and we choose this working hypothesis sim-
ply because we don’t have better data or models. Figure 4.1 represents a totally
frozen part underneath the snow covered area and a totally fluid part of total wa-
ter storage. This approach is called solid approach.
FIGURE 4.1: Separation of solid and fluid storage. MS is the solid
part, MF is the fluid part.
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This approach is reasonable in boreal catchments, since the latitudes of the rivers
are high, besides, some of them locate in a high altitude area e.g., Siberia. Tem-
perature in the center of these snow covered area is lower than in the border of
snow covered area. As we mentioned above, melting occurs mainly at the border
of snow covered area. While areas close to the border happen to be melting, in-
side the snow covered area is still frozen.
In this approach, the solid and liquid part of total water storage MS and MF can
be determined by the total mass of the water storage M and snow coverage ratio
S which is determined by MODIS data as
MS = S · M, MF = F · M (4.1)
with F = 1 − S
The method of determination of snow coverage ratio is shown into next subsec-
tion.
4.1.2 Snow coverage ratio
For the determination of the snow coverage ratio, the snow coverage area for a
catchment is needed. As we mentioned in Chapter 2, global MODIS snow cov-
erage data are divided into a grid which has 3600 × 7200 cells, i.e., the spatial
resolution for this data is 0.05◦. The value of each cell represents the snow cover-
age state. The Area of each cell can be determined as its latitude and longitude
are known. Thus, the percentage of snow covered area in each cell can be deter-
mined by the key value grids.
As for the polar night effect caused by the high latitude, we refer to the MODIS
image, found in South of the area effected by polar night , the snow coverage is
almost 100 % . Thus we assume the areas effected by polar night of boreal catch-
ments, which in theory have lower temperatures, are totally frozen. The snow
covered area over an individual catchment on a certain date can be determined.
Area of snow coverage within cell in row r column c
Ar,c = ir,c · pr,c · ar,c (4.2)
With ir,c :=
{
1 if cell is within the catchment χ
0 if cell is outside the catchment χ
pr,c : percentage of snow coverage at cell (r, c)
ar,c : area of cell on row r column c
Parameter i is an identity. If a cell lies inside the area of the catchment, the snow
coverage area of this cell will be taken into account and used for calculating the
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total snow coverage area in the catchment. The boundaries of catchments are de-
fined by points, known in latitude and longitude, which are connected as poly-
gons. Thus, this identification is implemented with the function ’inpolygon’. As
we get the snow covered area for each cell, the total snow covered area in catch-
ment χ with an area of Aχ on time t
AS(χ, t) =
3600∑
r=0
7200∑
c=0
Ar,c (4.3)
Then, the snow coverage ratio S for the whole catchment χ at the time t
S(χ, t) = AS(χ, t)
Aχ
(4.4)
the fluid storage part ratio F
F(χ, t) = 1 − S(χ, t) (4.5)
with Aχ is the total raster area of catchmentχ.
The solid part of water storage MS(χ, t), and liquid part of water storage MF(χ, t)
are determined by
MS(χ, t) = S(χ, t) · M(χ, t)
MF(χ, t) = F(χ, t) · M(χ, t) (4.6)
The comparison between fluid part and solid part of mass deviation in time series
shows that total water storage anomaly in a catchment varies with a seasonal
characteristic (Figure 4.2) which aggregates from fall over winter, and starts to
decrease in late spring till next fall begins.
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FIGURE 4.2: Separation of mass deviation of water storage for
Mackenzie river
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4.2 Data-driven approach
The approach for characterization of the R-S relationships, which is exclusively
data based, is called data-driven approach. For fully tropical catchments, which
are almost always fully coupled without uncoupled storage, the R-S relationships
are not impacted by the snow aggregation or melting. The seasonal hysteresis
seems to come from a time invariant phase shift from storage to runoff, which
means that a transition time from storage to runoff exists. Thus, time lag can
be explained as the time required for hydraulic coupling from storage to runoff,
including runoff routing through vegetation, unsaturated/saturated zones, and
drainage channels.
The hysteresis for boreal catchments seems to come from the combination of hy-
draulic coupling and seasonal snow aggregation and melting processes. As the
solid approach we mentioned has been implemented, the water storage for a bo-
real catchment can be divided into fully liquid part and solid part. We make the
assumption that the R-S relationship for the fluid part in boreal catchments is the
same as the fully tropical catchments.
For investigating the role of phase shift in the observed hysteresis, Riegger and
Tourian (2014) have made a spectral analysis of storage mass, precipitation, mois-
ture flux divergence and runoff of the total Amazon catchment. The result shows
the similar behavior of storage mass and runoff spectra, especially in major fre-
quencies of annual and semiannual, which imply similarity in time series with
arbitrary, yet time invariant phase shift. Moreover, a magnitude-square coher-
ence between runoff and other hydrological signals for total Amazon shows a
bandwidth of coherence above 0.8, which indicates a linear relationship between
runoff and storage mass, and that linearity doesn’t appear for precipitation and
moisture flux divergence. It proves a Linear Time Invariant system behavior (LTI
system) exists between storage and runoff for fully humid tropical catchments.
Thus, a similar behavior should exist between the liquid part of water storage
and runoff for boreal catchments according to the above assumption.
4.2.1 Time shift
For the time domain, the time-invariant phase shift from storage to runoff means
there is a causal relationship between runoff and storage as expected. In order to
directly compare runoff and water storage, the time lag between them should be
determined.
Numerically, a continuous time shift δt for ∆M measured at discrete time ti can
be determined using a Temporal Weighting Function by following steps:
1. For time lags smaller than 1 month, we assign a linear combination of the
previous and the current month to the current epoch:
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∆M (ti) = ω∆M (ti−1) + (1 − ω)∆M (ti) (4.7)
With ω ∈ [0, 1], the continuous time lag ω results in a linear interpolation of ∆M
backward in time between the current month and last month.
2. If the time lag is larger than 1 month, which means ω < [0, 1], a discrete time
lag of n months is added. In this situation, X (ti−n) is used instead of X (ti)
∆M (ti) ↔ ∆M (ti−n) (4.8)
3. We then combine the discrete time lag n and continuous time lag in the form
∆M (ti − δt) = ω∆M (ti−n−1) + (1 − ω)∆M (ti−n) (4.9)
with n ∈ N and ω ∈ [0, 1].
Time-invariant discrete and continuous time shifts are linear operations without
changing the functional form of a relationship. However, if ω < [0, 1], it will lead
to an extrapolation with respect to time interval we considered. This extrapo-
lation will lead to a nonlinear operation which causes an amplitude and phase
change, which is not allowed in our research. An appropriate linear operation for
storage mass shift needs to be applied, thus the discrete month shift and contin-
uous time shift should be combined to describe for time lag which is caused by
hydraulic coupling.
4.2.2 Liquid part of water storage
The GRACE measurements provide us the water storage change information as
mass deviation from a long term average level, which is a relative value. How-
ever, for a full description of the functional relationship between runoff and water
storage, a proportionality between them has to be assumed for hydraulic reasons,
in which the absolute value of them should participate in the calculations.
To obtain absolute water variations, a storage offset is introduced to the system.
The time dependent total water storage M(t) is determined as the sum of the
monthly mass deviation ∆M(t) and the unknown storage offset M0
M(t) = ∆M(t) + M0 (4.10)
The storage offset M0 represents the average level of water storage over the long
term. It is decided by the steady state of a catchment, which means in a long term
balanced state of discharge and recharge.
Earlier, we have separated total water storage into fluid part and solid part for
boreal catchments applying the solid approach with the help of snow coverage
ratio determined from MODIS snow coverage data. The mass offset M0 is added
into the calculation to determine the liquid storage for boreal catchments, which
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is the object of our study:
MS(χ, t) = S(χ, t) · (∆M(χ, t) + M0(χ))
MF(χ, t) = F(χ, t) · (∆M(χ, t) + M0(χ)) (4.11)
4.2.3 Linear relationship between runoff and liquid part of stor-
age
Runoff and water storage for fully humid tropical catchment show a highly cor-
related relationship, which can be considered to be the same as the relationship
between runoff and liquid part of total water storage for boreal catchments. Thus
the R-S relationship of total mass can be characterized such that runoff is linear
with liquid storage once the time lag is adapted and that the nonlinear behavior
and additional hysteresis are introduced by the uncoupled solid storage compo-
nents. This allows to formulate the runoff by a linear dependence on time shifted
liquid storage which is called "Adapted Mass" for boreal catchments thus
R =
1
τ
Madapted (4.12)
Equation (4.12) describes a linear relationship between runoff and adapted mass
by a constant factor τ. The adapted mass can be described by the combination of
GRACE mass deviation ∆M , time lag ω and n, storage offset M0 and liquid mass
ratio F according to equation (4.9) and (4.11). Thus the linear function can be
represented as
R (ti) = 1
τ
[ωF(ti−n−1)(∆M(ti−n−1) + M0) + (1 − ω)F(ti−n)(∆M(ti−n) + M0)] (4.13)
As the hydraulic time constant τ, the time lag ω, and the unknown mass offset
M0 are simultaneously influencing the accuracy of the relationship, all parameters
are optimized simultaneously. We have two main observations from the datasets:
Runoff R and storage anomaly ∆M . These observations are corrupted with errors.
Therefore, applying simple least squares estimation without considering the er-
rors in the observations would not be a meaningful estimation. Consequently, we
should investigate an alternative approach for our estimation which considers in-
consistencies on both sides of observation equation model (R = f (∆M)). The suit-
able adjustment model for this case is the mixed model or Gauss-Helmert Model
(GHM), in which both errors in water storage anomaly σ∆M and errors in runoff
σR are considered in the adjustment, or to be specific, in the linear regression.
Figure 4.3 presents the processes of the parameters estimation.
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FIGURE 4.3: Diagram of runoff estimation
4.3 Gauss-Helmert Model (GHM)
4.3.1 Gauss-Helmert Model
Gauss-Helmert Model (Helmert, 1872), is a mixture of a Gauss-Markov model
and an adjustment with condition equations.
We assume m (which is the number of observations) possibly non-linear func-
tional relationships between observation(s) and up to n parameters
g(`, x) != 0 (4.14)
which will be introduced as equality constraints. `m×1 is the vector of observations
and xn×1 is the vector of parameters. To linearize the functional relationship (4.14),
one has to split up the quantities.
x˜ = x0 + δx (4.15)
˜` = ` + e = ` − `0︸︷︷︸
δ`
+ `0 + e = `0 + δ` + e (4.16)
and then choose a Taylor point related to both parameters and computed obser-
vations.
z0 =
[
x0
`0
]
(4.17)
Linearization using a Taylor series and the Taylor point (shown with index 0)
mentioned above yields
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g( ˜`, x˜) = g(`0 + δ` + e, x0 + δx)
= g(`, x)

0︸   ︷︷   ︸
w0
+ ∇`g(`, x)

0︸      ︷︷      ︸
BT
(δ` + e) + ∇xg(`, x)

0
(δ`)︸            ︷︷            ︸
A
= w0 + BT (δ` + e) + Aδx
= w0 + BTδ`︸      ︷︷      ︸
w
+ BTe + Aδx
= w + BTe + Aδx
(4.18)
With the least-squares objective function
Φ(e) = eTPe...min, (4.19)
Where the P is the weight matrix.
The weighted least-squares adjustment in the Gauss-Helmert model can be stated
objective function: Φ(e) = eTPe...min
constraints: BTe + Aδx + w = 0
optim. variable: e ∈ <n, δx ∈ <m
(4.20)
The corresponding Lagrangian reads
L(e, δx, k) = eTPe − 2kT (BTe + Aδx + w) (4.21)
once again setting the gradients to zero yields the first order optimality conditions
∇eL(e, δx, k) = 2Pe − 2Bk != 0 (4.22)
∇δxL(e, δx, k) = −2AT k != 0 (4.23)
∇kL(e, δx, k) = −2(BTe + Aδx + w) != 0 (4.24)
leading to
e = P−1Bk (4.25)
AT k = 0 (4.26)
BTe + Aδx + w = 0 (4.27)
Inserting (4.25) in (4.27) yields
BTPBk + Aδx + w = 0 (4.28)
In matrix vector notation, the normal equations (4.28) and (4.26) read
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[
BTP−1B A
AT 0
] [
k
δx
]
=
[−w
0
]
(4.29)
Solving this linear system yields an estimate δˆx, xˆ, v and ˆ` can be computed using
(4.15), (4.30) and (4.31)
e = Axˆ − ˆ` (4.30)
ˆ` = ` + e (4.31)
As this is a linearized form, iterations according to the Gauss-Newton method
(Nocedal and Wright, 1999) may be necessary. It can be shown that a unique
solution exists if the design matrix is of full rank
Rg(A) = m (4.32)
and the rank of the composed matrix
[
BT A
]
is equal to the number of constraints
Rg([BT A]) = p (4.33)
As in the equality constrained GMM, the variance-covariance matrix (VCV) ma-
trix of the estimated parameters can be extracted from the inverse of the normal
equation matrix (4.29).
4.3.2 Explicit implementation of Gauss-Helmert model
As a proof of concept, we explicitly employ the Gauss-Helmert model on equa-
tion (4.13). Firstly we reformulate the equation as a (non-linear) condition equa-
tion with unknowns, i.e.
fi(τ, ω,M0, eRi, e∆Mi ) = (Ri − eRi ) −
1
τ
Fi
((∆Mi − e∆Mi ) + M0) (4.34)
Introducing (initial) approximate values τ0, ω0, M00 , e
0
∆M(ti) = 0, e
0
R(ti) = 0 ∀i =
1, ...,m we then compute the Taylor series expansion up to linear term:
fi(τ, ω,M0, eRi, e∆Mi ) = fi(τ0, ω0,M00 , e0Ri, e0∆Mi )+
∂ fi
∂τ

0
(τ − τ0) + ∂ fi
∂ω

0
(ω − ω0) + ∂ fi
∂M0

0
(M0 − M00 )+
∂ fi
∂eRi

0
(eRi − e0Ri ) +
∂ fi
∂e∆Mi

0
(e∆Mi − e0∆Mi )
(4.35)
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Reshaping elements, we have
fi(τ, ω,M0, eRi, e∆Mi )
= fi(τ0, ω0,M00 , e0Ri, e0∆Mi ) +
[
− ∂ fi∂eRi

0 − ∂ fi∂e∆Mi

0
] 
e0Ri
e0
∆Mi
︸                                                                 ︷︷                                                                 ︸
wi
+
[
∂ fi
∂τ

0
∂ fi
∂ω

0
∂ fi
∂M0

0
]
︸                     ︷︷                     ︸
A

∆τ
∆ω
∆M0
 +
[
∂ fi
∂eRi

0
∂ fi
∂e∆Mi

0
]
︸               ︷︷               ︸
BT

eRi
e∆Mi

(4.36)
The initial values for τ, ω, M0 we set to respectively 1, 0, 0. In order to obtain a
better result for optimization process, the data for at least 6 years (72 months) are
selected. Now we will have a detailed look at the matrices and vectors, followed
by the solution.
Jacobian matrix A
Am×n =

∂ f1
∂τ

0
∂ f1
∂ω

0
∂ f1
∂M0

0
...
...
...
∂ fm
∂τ

0
∂ fm
∂ω

0
∂ fm
∂M0

0

(4.37)
Matrix BT
BTm×2m =

∂ f1
∂eR1

0
0 · · · 0 ∂ f1∂e∆M1i

0
0 · · · 0
0 ∂ f2∂eR2

0
· · · 0 0 ∂ f2∂e∆M2

0
· · · 0
...
...
. . .
...
...
...
. . .
...
0 0 · · · ∂ fm∂eRm

0
0 0 · · · ∂ fm∂e∆Mm

0

(4.38)
Vector of misclosures w
wm×1 =

f1(τ0, ω0,M00 , e0R1, e0∆M1) +
[
− ∂ f1∂eR1

0 − ∂ f1∂e∆M1

0
] 
e0R1
e0
∆M1

...
fm(τ0, ω0,M00 , e0Rm, e0∆Mm) +
[
− ∂ fm∂eRm

0 − ∂ fm∂e∆Mm

0
] 
e0Rm
e0
∆Mm


(4.39)
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Unknown parameters
∆xn×1 =

∆τ
∆ω
∆M0

(4.40)
Inconsistencies
e2m×1 =
[
eR1 · · · eRm e∆M1 · · · e∆Mm
]T
=
[
e
′
R e
′
∆M
]T (4.41)
The weight matrix P
P2m×2m =

1
σ2R1
· · · · · · 0 · · · · · · · · · 0
0 1
σ2R2
· · · 0 · · · · · · · · · ...
...
...
. . .
... · · · · · · · · · ...
0 0 · · · 1
σ2Rm
· · · · · · · · · ...
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
(4.42)
Where σRi = 0.1 · Ri, σ∆Mm = 0.1 · ∆Mi.
The solution will be obtained by an iterative scheme in order to sharpen Taylor
point (MATLAB algorithm 4.14)

BT
m×2m
P−1
2m×2m B2m×m
A
m×n
AT
n×m 0n×n
︸                         ︷︷                         ︸
(m+n)×(m+n)

k
m×1
∆x
n×1

(m+n)×1
=

−w
m×1
0
n×1

(m+n)×1
Iteration needed until−−−−−−−−−−−−−−−−→∆̂x<ε (4.43)

k̂
2m×1
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 =

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P−1
2m×2m B2m×m
A
m×n
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n×m 0n×n

−1 
−w
m×1
0
n×1
 (4.44)
Estimated unknown parameters after optimization
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∆̂xn×1 =

∆̂τ
∆̂ω
∆M0

(4.45)
Adjusted original parameters (updated approximate values)
x̂ =

τ̂
ω̂
M̂0

=

τ0 + ∆̂τ
ω0 + ∆̂ω
M00 +∆M0

(4.46)
Estimated inconsistencies
ê2m×1 =
[
êR1 · · · êRm ê∆M0 · · · ê∆Mm
]T (4.47)
Adjusted observations
R̂i = Ri − êRi (4.48)
∆̂M i = ∆Mi − ê∆Mi (4.49)
The variance-covariance matrix (VCV) of the estimated parameters can be ex-
tracted from the inverse of normal equation matrix (4.29) or the formula
Σ̂x = (AT (BTPB)−1A)−1 (4.50)
Variance covariance matrix of adjusted unknown parameters
Σ̂x̂ = σ̂Σ̂x (4.51)
Where σ̂ is the posteriori variance of unit weight
σ̂ =
√
eTPe
m − n (4.52)
The correlation matrix to examine the dependency of the parameters with respect
to each other
Rx̂ =

σ−1τ 0 0
0 σ−1ω 0
0 0 σ−1M0
 Σ̂x̂

σ−1τ 0 0
0 σ−1ω 0
0 0 σ−1M0
 (4.53)
4.4 Performance metrics
After GHM optimization, we get the optimal value of the hydraulic time τ, time
lag ω and mass offset M0, which can be used to express the linear relationship
between runoff and liquid part of the total water storage for boreal catchments.
Moreover, the observations of runoff R and GRACE mass deviation ∆M are also
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optimized by GHM adjustment. For validating the estimated time series of runoff,
numerous performance metrics can be evaluated.
The root-mean-square error (RMSE) is used as a measure of the differences be-
tween values (sample and population values) predicted by a model or an estima-
tor and the values actually observed, in this article, we use RMSE to measure the
differences between simulated runoff and the observed values.
RMSE =
√√√ n∑
i=1
(
Rsim(i) − Robs(i)
)2
n
(4.54)
Correlation represents the degree and the direction of the linear relationship be-
tween two random variables. It describes how close two variables are to having
a linear relationship. Here we use correlation to describe the level of common
information content between simulated value and observed value of runoff.
rRsimRobs =
n∑
i=1
(Rsim(i) − Rsim)(Robs(i) − Robs)
(n − 1)SRsimSRobs
=
n∑
i=1
(Rsim(i) − Rsim)(Robs(i) − Robs)√
n∑
i=1
(Rsim(i) − Rsim)2
n∑
i=1
(Robs(i) − Robs)2
(4.55)
where Rsim and Robs are simulated and in situ runoff data respectively. Rsim and
Robs are the sample means of Rsim and Robs, and SRsim and SRobs are the corrected
sample standard deviations of Rsim and Robs. The correlation is +1 in the case of
a perfect direct (increasing) linear relationship (correlation), −1 in the case of a
perfect decreasing (inverse) linear relationship (anticorrelation) ((Dowdy, Wear-
den, and Chilko, 1983)), and some value in the open interval (−1, 1) in all other
cases, indicating the degree of linear dependence between the variables. As it
approaches zero there is less of a relationship (closer to Uncorrelatedness). The
closer the coefficient is to either −1 or 1, the stronger the correlation between the
variables.
The NSE, (Nash-Sutcliffe model efficiency coefficient) (Nash and Sutcliffe, 1970)
is generally used to verify the quality of the simulation results of hydrological
models. It is defined as:
NSE = 1 −
n∑
i=1
(
Rsim(i) − Robs(i)
)2
n∑
i=1
(Robs(i) − Robs)2
(4.56)
where Robs is the mean of observed runoff, and Rsim is modeled runoff. Robs(i) is
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observed discharge at time i. The NSE further represents the normalized mean
squared error between e.g., a modeled and a observed time series (Lorenz et al.,
2014) and it is highly sensitive to the agreement in phase, amplitude, and mean
between two data sets. The range of NSE is (−∞, 1). The efficiency of 1 corre-
sponds to the perfect match of the simulated runoff to the observed data. The
efficiency of 0 shows that both the observation data and simulated value are ac-
curate, while efficiency less than zero means the observation is a better predictor
than the modeled data. In essence, the more the model efficiency is closer to 1,
the more accurate the model is.
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Result
The parameters of the linear function (4.12) are optimized for the time period
from January 2003 to June 2015 in which both MODIS snow coverage data and
runoff data are available. During the optimization, additional constrains have
to be observed. First, for a correct calculation of time lag between mass devia-
tion and runoff, the respective discrete time lag n should be defined such that
ω ∈ [0, 1] to avoid extrapolation. Any adaption to an ω < (0, 1) would be equiv-
alent to a temporal extrapolation into the neighboring time intervals and leads
to considerable changes in the signal form. If the optimization result of ω > 1
or ω < 0 is achieved, the discrete time lag n should be adjusted in the equation
system appropriately until the value of ω between 0 and 1 is achieved. In this
experiment, the direct optimization result for most catchments satisfies the con-
straint and ω ∈ [0, 1] is achieved, which means the value of n equals 0 for most of
these catchments, while a non-zero n value should be added for a few catchments.
Even so, the n is usually smaller than 3. Moreover, the simulated runoff should
conform to the reality, that means the value of runoff must be positive. The cor-
responding parameters and the related optimization values for the Mackenzie
catchment are shown in table 5.1 as an example of the optimization result.
TABLE 5.1: Optimization results by LS Fit with respect to runoff for
Mackenzie River
Mass offset M0 138.82± 3 mm
Hydraulic time τ 137± 2 days
Time lag ω 10 ± 0.3 days
RMSE 3.21 mm/month
Correlation 0.96
NSE 0.88
As we can see from the table, the optimized value of mass offset M0 is 138.82
mm, which means the absolute value of total water storage is determined by
mass deviation plus 138.82 mm. The optimized value of time lag ω is 10 days,
which means hydraulic coupling from water storage to discharge systems needs
10 days. The optimized value of hydraulic time τ, 137 days, means water remains
in the catchment for that length of time. Moreover, the standard deviations of pa-
rameters are far smaller than the value of the estimated parameters. With the help
of these parameters, a linear function has been built and a linear-time-invariant
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(LTI) relationship between liquid water storage and runoff has been represented.
The low value of RMSE implies the high precision of the modeling approach. The
high correlation and NSE (very close to 1) indicated the quality of the modeling
approach is good and the reliability of the model is high.
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FIGURE 5.1: covariance (left) and correlation (right) matrix of the
parameters for Mackenzie
The VCV and correlation matrix in colormap presentation are shown in Figure
5.1. For Mackenzie river, the values of error for parameters τ and ω are respec-
tively small in comparison to M0. moreover, we observe a high correlation among
estimated unknown variables. Overally a strong positive correlation (r ≈ 1) be-
tween τ and M0 and a strong negative correlation(r ≈ -1) between the pairs τ and
ω, ω and M0 can be observed.
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FIGURE 5.2: Observed and simulated runoff time series for Macken-
zie
By the comparison of monthly observed and simulated runoff time series for
Mackenzie (Figure 5.2), it can be seen that the time lag from storage to runoff is re-
moved. The trends of runoff and adapted liquid water storage are approximately
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the same, and the peaks are all at the same time. It means a linear relationship
with a certain time delay between runoff and liquid water storage exists. There
is always a delay in the response of runoff to the change of liquid water storage,
which is what we mentioned before, a linear-time-invariant (LTI) system.
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FIGURE 5.3: R-S relationships of Mackenzie before (left) and after
(right) optimization
Through the respective plot of measured runoff and total water storage (Figure
5.3 left), runoff and liquid water storage (Figure 5.3 right) for Mackenzie, it can
be seen that the counter clockwise hysteresis between runoff and water storage
is removed and they are highly correlated with a correlation coefficient of 0.96.
Moreover, the high NSE parameter (0.88) for Mackenzie means that the linear
model optimized by LS fit has a good quality in hydrology.
The main contribution to the linearity in the R-S relationship comes from the sep-
aration of total storage into liquid (coupled) and solid (uncoupled) storage, be-
cause hysteresis and nonlinear behavior between runoff and total mass is caused
by uncoupled solid mass. The non-linearity part, caused by uncoupled water
storage, is eliminated by removing the solid part of water storage.
The display of runoff versus the time adapted masses (Figure 5.4) shows that
runoff is more or less linear with liquid adapted storage (with a correlation of
0.96 compared to -0.17 for runoff versus total mass). The lines for runoff and liq-
uid water storage, have much overlap with the upper left branches of the lines
for runoff and total water storage, as it is mentioned before, that time is corre-
sponding to the period in which the snow melting has been finished and storage
is fully converted to liquid. That verifies the conclusion that runoff and liquid
water storage are in linear relationship. On the other hand, the lines for runoff
and solid water storage have much overlap with the lower branches of the lines
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FIGURE 5.4: Runoff versus storage for liquid, solid and total water
for Mackenzie (shown for time adapted masses)
for runoff and total water storage, which show clearly non-linearity. That is corre-
sponding to the period of snow melting and accumulation, the main component
of total storage is the uncoupled snow storage. That supports the conclusion
that non-linearity comes from solid water storage. The hysteresis and nonlin-
ear behavior between runoff and total mass has to be assigned to the uncoupled
solid mass being responsible for changes in mass yet not in runoff apart from the
transitions during the melting phase. This means that nonlinearity comes from
storage components for which mass variations do not lead to variations in runoff.
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FIGURE 5.5: Time series of measured and simulated runoff for the
solid approach for Mackenzie.)
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FIGURE 5.6: Separation of solid and liquid storage from total storage
by snow coverage for Mackenzie (shown for time adapted masses)
Figure 5.5 for Mackenzie clearly shows that runoff coincides with time adapted
liquid water storage (except for winter periods). After optimization, the remain-
ing functional forms of the simulated runoff still show some systematic devia-
tions from measured runoff. Calculated runoff from the solid approach clearly
underestimates runoff during winter times (inside large square frame). That is
because there is still liquid water storage transferring to runoff even in the areas
snow covered which are seen as totally solid part by solid approach. Moreover,
from the figure, a second seasonal peak in runoff and fluid mass in autumn hap-
pens (inside smaller square frame), that corresponds to the increase in liquid stor-
age with enhanced recharge in autumn and to the cut off by freezing or conver-
sion of recharge into snow when temperature turns to negative, as we mentioned
in Figure 3.4.
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FIGURE 5.7: Estimated spectral coherence between runoff and mass
deviation, liquid mass over Mackenzie
A spectral analysis for measured runoff and total mass deviation has been con-
ducted. Figure 5.7 shows spectral coherence in a wide frequency band between
measured runoff and liquid water storage, which is different from the one for
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total water storage. Thus the R-S relationship for boreal catchments can be char-
acterized by that: the runoff is linear with liquid water storage once the appro-
priate time lag is adapted. Due to the variation of uncoupled solid water storage
component does not lead to change in runoff, the nonlinearity and additional
hysteresis is introduced by the uncoupled part of storage.
For most of the catchments we selected, we get good estimation results applying
our model. For other catchments, the R-S relationships don’t show any regular
pattern, we cannot get the estimation result. The comparison of RS relationship
before (left) and after (right) optimization for several large area boreal catchments
are shown in Figure 5.8.
All the estimation results for boreal catchments are summarized in table 5.2.
TABLE 5.2: All the estimation results for boreal catchments
Name time lag τ M0 RMS. R Corr. R NSE. R Area
[days] [days] [mm] [km2]
Ob 29 172 118 3 0.95 0.88 2926321
Yenisei 25 35 54 9 0.87 0.76 2454961
Lena 20 36 56 9 0.93 0.84 2417932
Mackenzie 10 139 140 3 0.96 0.88 1666073
Yukon 5 138 211 7 0.93 0.84 819635
Northern Dvina 94 30 68 12 0.90 0.80 330709
Pechora 62 20 84 20 0.91 0.82 304670
Churchill 28 1020 226 2 0.63 0.36 299391
Fraser 13 81 154 7 0.95 0.89 228874
Yana 4 74 109 5 0.97 0.94 220949
Olenek 1 30 44 9 0.94 0.89 199723
Thelon 6 176 248 6 0.86 0.62 171346
Caniapiscau 34 22 57 9 0.91 0.78 102921
Hayes 101 62 86 6 0.80 0.60 97802
Kuskokwim 126 89 229 16 0.82 0.67 82074
Anabar 2 14 12 6 0.98 0.97 79786
Copper 4 159 1300 30 0.92 0.84 67344
Peel 0 33 84 12 0.91 0.82 63040
Anderson 30 37 28 11 0.79 0.21 62005
Daugava 60 38 34 10 0.89 0.76 61576
Mezen 94 11 58 15 0.92 0.85 54125
Stikine 31 32 242 18 0.96 0.93 52894
Bolshoy Anyuy 30 33 56 7 0.94 0.87 50025
Kazan 11 40 73 11 0.91 0.81 40945
Nass 63 19 195 51 0.85 0.70 18890
Kalixälven 2 6 16 11 0.97 0.92 17955
Taku 62 42 232 17 0.95 0.90 17616
Muonio 121 4 38 8 0.98 0.94 12649
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FIGURE 5.8: Comparison of R-S relationship before (left) and after
(right) optimization
45
Chapter 6
Conclusion and Outlook
GRACE measurements provide us with total water storage variations on large
spatial and monthly timescales, which allows to directly investigate the relation-
ship between runoff and water storage of rivers. The direct comparison of mea-
sured runoff and GRACE-based storage masses always shows a non-linear rela-
tionship for boreal catchments. A counter-clockwise hysteresis from storage to
runoff exists. However, for fully humid tropical catchments such as Amazon,
runoff and water storage are in a high correlated relationship. With the help of
remote sensing methods, a mass separation method can be used to separate total
water storage into different parts of boreal catchments. The separation method
used in this study is based on a hypothesis that underneath the snow-covered
areas are seen as totally frozen part. The separation of storage allows to charac-
terize the R-S relationship separately for different storage components. Finally,
for boreal catchments following conclusions can be drawn:
The R-S relationship for total mass can be characterized such, that runoff is lin-
ear with liquid storage once the time lag is adapted. In other words, runoff and
coupled/liquid mass correspond to a Linear Time Invariant (LTI) system, i.e., in
the temporal domain the R-S relationship can be fully described by a monotonic
function which can be used to determine runoff directly by liquid water storage
using the parameters mass offset M0, hydraulic time constant τ, and a time in-
variant time lag ω and vise versa. The nonlinear behavior of R-S relationship
and additional hysteresis not related to time lag are introduced by the uncou-
pled solid storage component for which mass variations do not lead to changes
in runoff.
Although the solid approach allows to separate total water storage into different
part in general, there are some limitations. First, it cannot describe the runoff in
winter properly and the runoff is obviously underestimated due to a contribution
of runoff from the liquid storage even for snow covered areas. Moreover, calcu-
lated runoff from solid approach does not represent the second peak or bump in
autumn properly. It is necessary that a more complex model for characterization
to get over these defect of solid approach, which needs more additional data such
as precipitation, evaporation, etc. Because of the availability of the data, however,
we didn’t take them into account in this thesis. If the more in-depth research will
be done in the future, these factors should be added into the modeling approach,
and the better estimation result which is closer to reality is believed to achieve.
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